Introduction

How to revise most effectivel
Leaving Certificate examinatic
Glossary of words used on the
Syllabus and checklist

1. Algebra
Factorising and simplifying
Changing the subject of a f
Undetermined coefficients

2. Quadratic and Cubic Equat
Quadratic equations
Equations involving fractio
Modulus equations
Irrational equations
Completing the square
Factor theorem
Cubic equations

. Inequalities
Introduction
Linear inequalities
Quadratic inequalities
Rational inequalities
Modulus inequalities
Abstract inequalities




¢ LESS STRESS MORE SUCCESS

4. Simultaneous Equations...........cccoccmiiiiiiinsnn e 34
Simultaneous linear equations with two unknowns ............ 34
Simultaneous linear equations with three unknowns.......... 37
One linear equation and one quadratic
equation with two unknowns .........cccceeeeciiieee i 40

5. Indices and Logarithms..........cccciiriiiiinninnincse e 44
INAICES ..o e ——————————— 44
Exponential equations .........ccccevvieiciiiiie e 45
Solving by substitution..........cccoooiiiiii 46
Logarithms .....ooo s 47
Rules of 10garithms ... 48
Logarithm equations..........ccceeiiiiiiiiiiies e 50

6. Functions and Graphing Functions...........ccccceeciiiiiinniniiennnne 57
INTrodUCION ... 57
Composite FUNCLIONS ......eeeiieiiiiiiee e 58
Graphing fuNCtioNs ........cooiiiii e 60
ContinuOUs TUNCLIONS ......ueiiiiiiiiiiiiee e 61
Linear fUNCLIONS ... 62
Quadratic fuNCtioNS.........coeviiiiiiiee e 63
(@] oY el (U1 T T o TR 68
Graphing polynomials of higher powers...........ccccoeieennne 74
Exponential functions ........coooveeieccee e 74
Logarithmic functions ..........coooiiiiiiii e 78
Injective, surjective and bijective functions............cccceeeenee 82
INverse FUNCLIONS ...c.ceeiiiiiec e 85

7. Binomial Theorem........ccccvveccccmeeersssssssssene s ss s sssssee e s es s ssmnnnes 90
Introduction: looking for pattern .........ccccovieiniiiiiecriee 90
Simple binomial expansions .........ccccceeeeciiiee e, 92

8. Complex Numbers L. 96
INTrodUCtiON ... 96
Multiplying imaginary numbers.........cccoooieiiiiiiiiiiiee e, 96
OPEratioONS ..o 98

Polynomial equations with complex roots ..........cccceeuuueeee. 101



CONTENTS -’

9. Complex Numbers Il ... 105
Argand diagram and modulus .........cccoccoeeiiiiiiininiieeee, 105
Polar coordinates and the polar form
of a complex number ... 107
De Moivre's theorem........cccccuvieeee e 111
Powers of complex numbers........ccccccceeeieiiriecciieeeeieeee 112
Trigonometrical identities.........ccoveiiiiiiiincie e 114
Finding roots of complex numbers ..........cccccoeiviiiiiienneen. 115
Geometrical transformations of complex numbers .......... 117
Dilations (enlargements).........cccceiiiiiiieiie e 119

10. Pattern | ... 123
SEQUENCES ...t e e e e e e e e e e e e e e e e e e e e e e e e e e eeeeeeees 123
Recurrence equations.........ccoovvviiiiiiieieeeccccceeeee e 126
DivVerging SEQUENCES ....ccceeeeiuurreeeeeeaieeeeeeeeeasneeeeeeseesnneeeas 129
DiIiffereNCiNgG ..o 130

11, Pattern Il ... 135
Arithmetic sequences and SEries ......ccccceecvveeeeeeeescinneeeennn. 135
Geometric sequences and SEriesS......ccvveeeeeeeeeeieeeciecccnnnns 140
An application of sequences
and series using F = P(1 + 0t 143
Infinite geOMELriC SEries ....oovieiiiiiiee e 144

12. Financial Maths I: Arithmetic........ccoceeiciiiiiiieeeeeeeeeeee 150
Percentage profit and 0SS .......ccceveerciierieiieee e 150
Relative error and percentage error......ccccococceeeeiieeecinnee. 151
L= = PP 154
Depreciation (reducing balance method).......................... 157
INCOME@ TAX i 159

13. Financial Maths II: Applications of Geometric Series ....... 163
[ aNdg Yo [ Tax o o 163
Payments in periods other than annually.......................... 164

AMOrtiSEd l0ANS. ... e 174



¢ LESS STRESS MORE SUCCESS

14.

15.

16.

17.

18.

Methods of Proof ... 183
DefiNitioNs .....vvieeee e 183
DireCt Proof ... e 184
Reductio ad absurdum .........cccocooiiiii e 184
Proof by contradiction .......cccceeriieiiiiiineeceee e, 185
Proof by induction..........cooiii e 187
Graphical ... 193
Differential Calculus I: First Principles ........ccccccrvieicnnrninnns 195
Gradient (slope) of @ CUIrVe .....eeeeeeiiiiiiee, 195
Continuous and discontinuous functions ...........ccccceeueeee.. 199
An informal introduction to limits

and continuity of functions ..........cccooooiiiiiiie, 200
Differential Calculus II: Differentiation by Rules .............. 203
Differentiation by rule ..., 203
LaWs OF 10GS .o 207
Evaluating derivatives ..o 209
Application of the chain rule........ccccccei e, 211
The exponential function .........cceeeoieiiiiin e 213
Higher derivatives ... 214
Differential Calculus Ill: Applications

to Curve Sketching.......ccooiiiriiiinrcr 216
What can differentiation tell us? ......cccccoevreiiieieeee 216
Finding the equation of a tangent to a curve

at a point on the CUrve ..., 220
Maximum, minimum and points of inflection................... 223
Differential Calculus IV: Applications

to In-Context Problems..........ccccooierereeee e 234
Rates of Change .....ooo i 234
Related rates of change (chain rule) .......cccccoveeiiiiieiennns 235
Kinematics: the study of motion .......ccccccoiiiiiiiiiee 237

Maxima and MINIMA cooeeee e ee e e e e eees 238



CONTENTS ¢

19. Integration........ccccemmiiiniiiiirr e ——— 247
INtroOdUCTION .. 247
The constant of integration.........ccocviiiiiiiniiiee 251
Second order differentials .........cccceeiiiiiiiiii e 252
Definite integration ... 253
Kinematics: the study of motion .......ccocccoeiiiiiiiiiie 256
An in-context application of integration.........ccccccccee..... 258
Area UNdEr @ CUIVE .....coi ittt 259
Mean (average) value of a function.........cccoeeceeeeiiennnee. 265

Please note:

¢ The philosophy of your mathematics course is that topics can overlap, so you may encounter
Paper 1 material on Paper 2 and vice versa.

¢ The exam questions marked by the symbol @ in this book are selected from the following:
1. SEC exam papers (relevant year indicated)
2. Sample exam papers
3. Original and sourced exam-type questions




Introduction

\ (1 To learn how to revise most effectively
1 To familiarise yourself with the structure of the exam paper
1 To learn to allocate the correct time for each question

i ] To know and understand the words which appear often on the
i exam paper

1 To familiarise yourself with the syllabus

_____________________________________________________________________________

The aim of this revision book is to help you enhance your grade in your Leaving
Certificate. This book is designed to be exam focused. To do this, the book is based not
just on the syllabus, but also on the examination paper. As a result, this revision book
can be used in conjunction with any textbook.

Throughout this book, examples and exam-type questions are graded by level
of difficulty.

The level of difficulty is indicated by calculator symbols, as follows:

The number of calculators shown beside a question indicates how difficult the question
is. One calculator indicates a question which is relatively basic. As the questions get
harder, the symbol will have more calculators. Three calculators indicates an average-level
question, whereas five calculators indicates that it is a very challenging question. These
questions may be beyond some students, but give them a go! Students hoping to achieve
a high grade should aim to complete all of the ‘five calculator’ questions. The
calculator symbol given for each question relates to the most difficult part of that
question. Do not be discouraged by a challenging question. As in the Leaving
Certificate exam, difficult questions can sometimes begin with one or two simple parts.
You should attempt as much as you can.

It is very important to realise that you are your own best teacher. Revision is when you
begin to teach yourself. Thus, it is very important for you to start your revision as soon
as possible. Make notes while you are revising. If you are having difficulty with a
particular question, seck help from your teacher, a friend or a member of your family. As
with all subjects, the best examination preparation is to work through past examination
or sample papers so that you are familiar with the layout and style of questions.
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So let’s start at the beginning. If you want to do well in your Leaving Certificate, then
two things are essential:

o Revise effectively.
o Be familiar with the exam paper and so be prepared on the day of the exam.

These may seem obvious, but it’s worth taking a moment to think about what these tips
mean.

How to revise most effectively

If you are going to do well in the Leaving Certificate, you are going to spend quite a bit
of time revising. Spending a little time learning how to revise effectively will help you get
more from your time and help you absorb and understand more of the material on the
course. Here are some tips to help you revise for maths.

o Find a quiet place where you can work. This place should be dedicated to study
and free of potential distractions. Turn off music, the TV, computer and mobile
phone. eV

o Write a study plan. Don’t be afraid to ask your
parents/teachers/guidance counsellor for help

at this stage. Study in small chunks lasting

o Do the more challenging revision first, when 25 to 35 minutes. Your )
memory and concentration

you are fresh. Trying to f9cus on difficult il et e 1 e Siey
problems when you are tired can be counter- in short, frequent bursts.
productive.

o Maths is based on understanding, so while you can ‘learn’ some elements of the
course, it is important that you develop an understanding of the material.
o Dirill and practice are essential ingredients for success in maths.

o Try to link any new material to things you know already. This is learning through
association and helps long-term retention.

VoV

Don’t get hung up on more difficult material. Concentrate on understanding the
fundamental concepts and being able to answer all of the straightforward
questions. Then, with time, you can build up to the more challenging problems.

Leaving Certificate examination

Exam focus is critical to exam success. It is important to prepare yourself for the
challenge you will face. By learning about the structure of the exam, you will learn how
to maximise your points, allocate your time effectively and manage the paper without
panic.
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The order of the questions is not set and some questions may include cross-syllabus
topics. The examination paper will be presented in two sections, as follows:

Section A - 150 marks _ )
Concepts and Skills Q‘J'&\";‘}S -«
& 1

| Read the exam paper right through at the start in E
[ i order to determine which question is the easiest one |
'to start with. Your mind may also be subconsciously E
- processmg some of the other problems. |

__________________________________________________

Section B - 150 marks _
Contexts and Applications Q;@(»S = \

_________________________________

I Start with your best question, then your next
' best and so on. This way, if you are short of
Etime, at least your best questions will be done.

Time yourself as follows ey

o Reading the paper at the start: ) T_:\ _______________________ :
S minutes

o Section A : 70 minutes i Rule of thumb for timing yourself E
i during th : |

o Section B : 70 minutes : Gl |
o Reviewing your answers at the end: i Time fpent on question = % (marks for E
S minutes [ question) |

o Try to stick closely to these times. | That is, a 25-mark question should take |
! no more than 12-5 minutes. |

If you run out of time on a question, |

_______________________________________

leave it and come back at the end.

Further exam tips
o There is no such thing as rough work in maths — ﬁ
all work is relevant. If the examiner doesn’t P
know how you reached an answer, even a q}a(»g f_:\ _______________
correct answer, then full marks will not usually O

be awarded. Thus, show all your work. Attempt marks (partial credit)

o Attempt marks will be awarded for any step in re valuable, so it is vital that |
the right direction. Therefore, make an attempt ou attempt all questions. |
eave NO blanks. |

at each part of the question. Even if you donot  [ZEZ7Z T 0 |

—r< o
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get the correct answer, you can still pick up most of the marks on offer if you show
how you worked it out. Also, draw a diagram where possible, because this can
help in seeing the solution.

o Ifyou cannot finish part of a question, leave a space and come back to it later. Never
scribble out any work or use Tipp-Ex. Put a single line through it so that the
examiner can still read it. In many cases, work that had a line through it received more
marks. Avoid using pencil because the writing can be very faint and difficult to read.

o Itisagood idea to show each stage of a calculation when using a calculator (in case
you press a wrong key). Familiarise yourself with your calculator. Know your
booklet of formulae and tables well and write down any formula that you use.

VoV

Your calculator and booklet of formulae and tables are two extremely valuable
resources to have in the exam. Make sure that you are very familiar with how
your calculator works and that you know how to perform all functions on it.
Familiarise yourself with the booklet of formulae and tables so that you don’t
waste any time in the exam trying to find formulae.

Glossary of words used on the examination paper

Write down, state
You can write down your answer without showing any work. However, if you want you
can show some workings.

Calculate, find, show that, determine, prove
Obtain your answers by showing all relevant work. Marks are available for showing the
steps leading to your final answer or conclusion.

Solve
Find the solution, or root, of an equation. The solution is the value of the variable that

makes the left-hand side balance with the right-hand side.

FEvaluate
Usually to work out, or find, a numerical value by putting in numbers for letters.

Comment on

After studying the given information or your answers, give your opinion on their
significance.

Plot

Indicate the position of points on a graph, usually on the x- and y-planes.

Construct

Draw an accurate diagram, usually labelled, using a pencil, ruler, set square, compass and
g y g q

protractor. Leave all constructions on your diagram.
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Sketch
Make a rough diagram or graph, labelled if needed.

Hence
You must use the answer or result from the previous part of the question.

Hence or otherwise
It is reccommended that you use the answer or result from the previous part of the
question, but other methods are acceptable.

Syllabus and checklist for Leaving Certificate Higher
Level Maths Paper 1 exam

The philosophy of your mathematics course is that topics can overlap, so you may
encounter Paper 2 material on Paper 1 and vice versa.

Throughout your course you will be asked to apply your knowledge and skills to
solve problems in familiar and unfamiliar contexts. In problem solving, you should
use some of the following strategies:

e Trial and improvement

S ———

e Draw a diagram e Use an equation
e Look for a pattern e Work backwards
e Actit out e Eliminate possibilities

Simplify the problem E
i® Draw a table E

The syllabus stresses that in all aspects of the Leaving Certificate
Maths course, students should be able to:

Explore patterns and formulate conjectures

Explain findings

Justify conclusions

Communicate mathematics verbally and in written form

Apply their knowledge and skills to solve problems in familiar and
unfamiliar contexts

Analyse information presented verbally and translate it into mathematical form

O DOootd

Devise, select and use appropriate mathematical models, formulae or techniques
to process information and to draw relevant conclusions



________________________________________________________________________

1 To learn how to factorise and simplify algebraic expressions

1 To learn how to change the subject of a formula

1 To learn how to use the method of undetermined coefficients
1 To learn how to simplify expression which involve surds

_____________________________________________________________________________

Factorising and simplifying expressions

You must be able to factorise expressions using the following methods:

Take out common terms
ab + ad = a(b + d)

Factorise by grouping
ab+ad+cb+cd=(a+b+d)

Factorise a trinomial
a2z —2ab + b%2=(a—b)a—-b)

Difference of two squares
az—b2=(a+ b)a—-b)

Difference of two cubes
ad—b3=(a—b)a%+ ab + b?)

Sum of two cubes
a’+ b3 =(a + b)(a’ — ab + b?)

Factorising is a basic and vital skill for you to have throughout your maths
course. You must be able to factorise expressions quickly and easily. This
will take practice, but it is worthwhile spending time on.

Example

Factorise the following:

(i) 3p* + 6pg (i) 6ab + 12bc — 8ac — 9b* (iii) 3x* — 12°

Solution
(i) 3p* + 6pq (ii) 6ab + 12bc — 8ac — 94> (iii) 3x* — 12)%
3p(p + 29) 6ab — 9b* — Sac + 12bc 3(x* — 49%)
36(2a — 3b) — 4c(2a — 3b) 3(x + 29)(x — 2y)

(2a — 3b)(3b — 4c)
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Example

Factorise the following:

(i) 24 — 7x — 15 (i) 64 — 27x° (iii) 44> + 326°

Solution
(i) 2% — 7x — 15 (i) 64 — 27%°
(2x + 3)(x — 5) (4)> — (3x)°

§ (4 = 30)(& + (D3) + 32 |
| (4 — 3x)(16 + 12x + 94?) 5
U (i) 443 + 3267 5
|4+ 8 §
4@+ 20)) |
| 4(a + 2b)(a* — (2)(2b) + (2b)%) |
| (a + 2b)(a* — 2ab + 407 |

Example £~
3 2 >
x° + 7x° + 12x 2M

Simplif . g

S N — A <
Solution EA question asking you to simplify

| often involves factorising.

Factorise the top and bottom: -—

x(x* + 7x + 12)

x4+ 2 — 3
x(x + 3)(x + 4) tid b e
(et 3)x — 1) (divide top and bottom by (x + 3))
x(x + 4)
(in simplest form)
x — 1
i Example
= 5 3 1
i Simplif — - —
| lmPIYZx 3 2F—3x o«
| Solution
| 5 3



S(x) — 3(1) — 1(2x — 3)

(common denominator x (2x — 3))

x(2x — 3)
Sx —3 —2x+ 3
x(2x — 3)
o (divide top and bottom by x)
x(2x — 3)

] ] X Z (multiply top and bottom by 2b)
— + —
a b
ab(a + b)
1 1
db(;) + db(z)
ab(a + b)
T (divide top and bottom by (2 + 5))
ab

Let f(x) = sz—_:: x # %1, and g(x) = % x# —1,2.
— —X—

If f(x) + g(x) = ax + b, find the value of a and b.
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wn

olution
X=1 X+x+1
7c()()+‘q(x)=x2—1+x2—x—2

X=1 x*=-x-2

| X1 A xt !
E =(x—1)(x2+x+1) x—2)(x+1) i

(invert the second fraction and multiply)

f i h
x+ Dx=1) o (factorise each part)

_ 1 9 x—-2) (divide top and bottom by
1 1 = DOE + x + 1)(x + 1)

= x — 2, which isin the form ax + b

________________________________________________________________________________

Changing the subject of a formula

When we rearrange a formula so that one of the variables is given in terms of the others,
we are said to be changing the subject of the formula or manipulating the formula.
The rules in changing the subject of a formula are the same as when solving an equation.
That is, we can:

1. Add or subtract the same quantity to both sides.

2. Multiply or divide both sides by the same quantity.

3. Square both sides, cube both sides, etc.

4. Take the square root of both sides, take the cube root of both sides, etc.

| Changing the subject of a formula (manipulating a formula) is an essential
E skill, which arises in many sections of the course. These include area and
| volume, trigonometry and coordinate geometry.

Three common errors made when manipulating formulae are:

1,1, a ,a,a a<b>¢ab
a b a+b b+c b ¢ c ac




Ifc = , express 4 in terms of the other variables.
b+ a
Solution
b — ac
L‘ =
b+ a

b — ac

b+ a

) (multiply both sides by (6 + 4))

(b + ) = (b +ﬂ>(

é (b + a)c = (6> — ac) g

be + ac = b* — ac (multiply out brackets)
ac=b* — ac — be (subtract bc from both sides)
ac+ ac= b — be (add 4c to both sides)
2ac = b* — be
2ac  b* — be
— = (divide both sides by 2¢)
2c 2c
b* — be
ﬂ =
2c

________________________________________________________________________________

________________________________________________________________________________

Example

1
(i) If— = ~ T > CXpress v in terms of the other variables.

f

(ii) Hence, determine the value of v when /= 15 and # = 20.
Solution
(i)

uv —fv =ﬁ) +ﬁ¢ —ﬁ/ (subtract fv from both sides)
uv — fo = fu
v(u —f)=fu (factorise out v)

(divide both sides by (z — 1))

| 1 i
E fuv(- =ﬁw(;) +fuv(;> (multiply all parts by fiv) i
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(ii) f = 15and u = 20: v =

________________________________________________________________________________

The time taken, in seconds, for a satellite to complete an orbit of the £
Earth is given by the formula:

7= A7%r3
\/ GM
where r = radius of rotation from the centre of
the Earth

G = universal gravitational constant
M = mass of the Earth.
(i) Express the radius of rotation, r, in terms of
the other variables.

(ii) The International Space Station (ISS) orbits the Earth once every 91 minutes.
Given that the value for G = 6:67 x 10~"" and the mass of the Earth is
6-4 x 10?4, find the radius of rotation of the ISS, correct to the nearest metre.
(iii) Find the height the ISS is above the surface of the Earth, given that the radius
of the Earth is 6,371 km. Give your answer to the nearest kilometre.

Solution

. _ A%
@ T=\/ &m

; 4723 )\? :
T = (square both sides)

GM
TZ — 4’772f3
GM
2
GM(T?) = GM(E\;) (multiply both sides by GM)
GMT? = 47°r
2
Gz,lwz- =r (divide both sides by 472)
T

3 /GMT? ,
=r (take cube root of both sides)
472



(ii) G=667 x 107", M =64 x 10%*, T = 91 minutes = 5,460 seconds

lgli ‘ﬁ'i'

Index notation

When dealing with very large or very small numbers, it can be easier to
perform calculations if the numbers are expressed in the form a x 107,

where 0 <a <10.
3 /GMT? _
472 -

3/(6:67 x 107")(6:4 x 10*%)(5,460)° _ |

472

\/3-224 x 102 = r

6,856,625-858 = r

Thus, the radius of rotation = 6,856,626 m.
(iii) Radius of rotation = radius of Earth + height above Earth
6,856,626 = 6,371,000 + height above Earth
6,856,626 — 6,371,000 = height above Earth
485,626 = height above Earth

Thus, the ISS is at a height of 485,626 m = 486 km above the surface of the
Earth.

Undetermined coefficients

When two expressions in x (or any other variable) are equal to one another for all values
of x, we can equate the coefficients of the same powers of x in the two expressions. This
is known as the principle of undetermined coefficients.

Method:

E 1. Remove all fractions and brackets.
{ 2. Form equations by equating coefficients of like terms.
| 3. Solve the equations to find the coefficients.

It may help to highlight, colour or underline the like terms.
For example:
x> 4+ 15x + kx — ¢ = x> + 3kx + k3





